An efficient method for the analytic evaluation of the plasma dispersion function for the Fermi-Dirac distribution is proposed. The new method has been developed using the binomial expansion theorem and the Gamma functions. The general formulas obtained for the plasma dispersion function are utilized for the evaluation of the response function. The resulting series present better convergence rates. Several acceleration techniques are combined to further improve the efficiency. The obtained results for the plasma dispersion function are in good agreement with the known numerical data.
Introduction
The importance of the plasma dispersion function (PDF) for the Fermi-Dirac (FD) distribution arises in the derivation of the longitudinal electron susceptibility for a nonrelativistic thermal electron gas, with both the quantum recoil and the quantum degeneracy included. [1−3] The calculations of the longitudinal response function for the FD distribution is reduced to the computation of the PDF, which was denoted as Z(y, ξ) in Refs. [4] - [7] . Therefore, choosing reliable formulas for the evaluation of the PDF for the FD distribution is of prime importance for the accurate calculations of the response function. [4] Recently, several efficient analytical and numerical approximations have been formulated for finding the PDFs for the FD distributions with different structures. [4] Unfortunately, for most of these purely numerical methods, there are some limitations in their applicability despite the huge increase in the computational resources.
Here we present firstly a more general analytical approach to the calculation of the PDF for the FD distribution, which is valid for a wide range of integral parameters. Note that all particle acceleration techniques are based on the classical plasma not the quantum one. [8, 9] But it seems that in the near future, a theoretical method to evaluate the gas laser theory can be constructed by using the plasma dispersion function for the FD distribution.
[9]
The main purpose of this paper is to derive new analytical formulas for the plasma dispersion function, which can be used for arbitrary values of y and ξ. The obtained formulas could be useful in dealing with a range of applications in physics engineering where the plasma dispersion function emerges. Several results are presented to demonstrate the improvements in the convergence rates obtained with the new decomposition.
Definition and unified expansion relations of plasma dispersion function for the Fermi Dirac distribution
In Ref. [4] , the longitudinal electron susceptibility for a nonrelativistic thermal electron gas with both the quantum recoil and the quantum degeneracy included called as the response function has the following form:
where k = |k|, and
Here, parameter ∆ e decribes the quantum recoil. The exact definitions of quantities used in these equations can be found in Refs. [1] and [2] . Equation (1) can be easily rewritten in terms of PDF in the following form:
Now, we start with the general definition of the PDF for the FD distribution Z(y, ξ) occurring in Eq. (3)
where ξ = e µe/Te , µ e and T e are the chemical potential and the temperature of the electrons, respectively. In the completely degenerate limit, we have µ e → T F ≫ T e , and ξ ≫ 1, where
F is the Fermi temperature (see Ref. [4] ). Function Z(y, ξ) in the special case of ξ = 0 gives Z(y) = Z(y, ξ)
In Ref. [4] , the series expression is derived for the PDF in terms of Z(y)
where the real part of Z(y) is determined as
Recently, an expression based on the binomial expansion theorem for Z(y) was developed in Ref. [10] .
As can be seen from Eqs. (1) and (2), the choice of reliable formulas for the evaluation of the PDF has prime importance in the accurate calculation of the response function. In order to establish expressions for the PDF, we shall first consider the well known binomial expansion theorem and the series relationship of ln x respectively [11] (
where N and N ′ are the upper limits of the summations, and F m (n) are binomial coefficients defined by
Taking into account Eq. (8), we obtain for function ( e t 2 +ξ) −1 occurring in Eq. (4) the following series expansion relations:
Substituting Eqs. (11) and (9) into Eq. (4), we obtain the following series expansion formulas for the PDF in terms of the binomial coefficients: for ξ = 0,
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where Γ(α) and Γ(α, x) are the well known Gamma functions [11] Γ(α) =
and
We can evaluate the plasma dispersion function Z(y, ξ) using an alternative formula
In Eq. (13), function M i (p, q) is defined as
After evaluating the integration and simplification, we obtain the following formula:
For those values of parameters with which the M n (p, q) functions exist, the program Mathematica gives the following result:
where Erfi (x) is the complementary error function. [11] In Eqs. (8), (9), (11)- (13), 17, and
L, L ′ , and L ′′ are the upper limits of the summations.
In our previous paper, [12] for the direct calculation of the complete and the incomplete gamma functions Γ(α) and Γ(α, x), the upward and downward recursion and analytical relations have been derived.
Numerical results and discussion
We Table 1 . As can be seen in Table 1 Table 1 . Table 2 055204-3
lists the partial summations corresponding to progressively increasing the upper summation limit (denoted as L, L ′ ) for this expression. As can be seen from In Fig. 1 , we present the convergence of the series in Eqs. (12) and (13) 
